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Abstract. As remarked in |MR04j Proposition 6.2.6 and |Buy| 
Remark 3.25 one does not expect the Kolyvagin system obtained 
from an Euler system for a p-adic Galois representation T to be 
primitive (in the sense of |MR04) Definition 4.5.5) if p divides a 
Tamagawa number at a prime £ ^ p; thus fails to compute the 
correct size of the relevant Selmer module. In this paper we obtain 
a lower bound for the size of the cokernel of the Euler system to 
Kolyvagin system map (see Theorem 3.2.4 of |MR04| for a defi- 
nition) in terms of the Tamagawa numbers of T, refining |MR04j 
Propostion 6.2.6. We show how this partially accounts for the miss- 
ing Tamagawa factors in Kato's calculations with his Euler system 
in |Kat04| . 



1. Introduction 

Let p > 2 be a rational prime and let O be the ring of integers of a 
finite extension of Qp. Denote the maximal ideal of (9 by m and fix a 
generator vr of m. Let T be a free O-module of finite rank, on which the 
absolute Galois group Gq := Gal(Q/Q) acts continuously, and the ac- 
tion of Gq on T is unramified outside a finite number of places. For such 
a T, the notion of an Euler system (which is originally due to Koly- 
vagin |Kol90| ) has been generalized in Rubin |RubOO| . Kato |Kat99| 
and Perrin-Riou |PR98| to prove upper bounds for the Selmer group 
attached to the Cartier dual T* of the Galois representation T. 

Starting from an Euler system, Kolyvagin uses his descent argument 
to obtain what he calls derivative classes. These derivative classes are 
used to produce bounds for the dual Selmer group. |MR04| starts ex- 
actly with these classes, and they observe that the derivative classes en- 
joy stronger local conditions than has been previously utilized. Classes 
with these stronger local conditions (and with the same interrelations 
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that the derivative classes ought to satisfy) are called Kolyvagin sys- 
tems. We refer the reader to |MR04| §3 for a detailed description. Since 
Kolyvagin systems are modeled after the derivative classes, they have 
exactly the same applications, namely they give upper bounds for the 
dual Selmer group. In fact Mazur and Rubin exploits the extra rigidity 
gained by their observation to prove, in many cases of interest, that 
the Kolyvagin system bound on the dual Selmer group is strict and in 
fact one could completely determine the structure of the dual Selmer 
group in terms of a Kolyvagin system (if the Kolyvagin system we use is 
primitive in the sense of Definition 12.171 below): see |MR04| Theorems 
4.5.6, 4.5.9 and 5.2.14. 

The discussion above already portrays Kolyvagin systems as more 
fundamental objects than Euler systems. In fact, it is also possible 
to prove that Kolyvagin systems exist in many cases, however, it is 
impossible to write these down explicitly in full generality. The only 
cases where the bound provided by a Kolyvagin system can be made 
explicit are the cases where the Kolyvagin system used comes from an 
Euler system, via Kolyvagin's descent. This map from the collection of 
Euler systems to the collection of Kolyvagin systems will be referred to 
as the Euler system to Kolyvagin system map; see Theorem 12.181 below 
for a slightly more detailed description of this map. 

One important feature of the bounds provided by a Kolyvagin system 
obtained from one of the Euler systems known to date is that they are 
closely related to the special values of L-functions. Such bounds thus 
provide evidence for the Bloch-Kato conjectures |BK90| . which predict 
the orders of these Selmer groups in terms of the special values of a 
relevant L-function. 

A natural question to ask is when these bounds given by an Euler 
system (or, equivalently, by the Kolyvagin system obtained from it) 
are sharp. In view of the results of |MR04| . this is equivalent to (un- 
der certain technical assumptions) asking when the Kolyvagin system 
obtained from the Euler system we started with is primitive. For ex- 
ample, consider Kato's Euler system |Kat04| . which is an Euler system 
for T = Tp{E), the p-adic Tate module of an elliptic curve E/q. As 
explained in |MR04| Remark 6.2.5, Kato's Euler system does not give 
rise to a primitive Kolyvagin system if p divides one of the Tamagawa 
numbers of E. In fact they prove that the Euler system to Kolyva- 
gin system map in this setting has non-trivial cokernel if p divides a 
Tamagawa number, and as a result it is impossible to obtain a primi- 
tive Kolyvagin system from an Euler system in this case. We call this 
phenomenon the Tamagawa defect of Euler systems. 
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However, the arguments of |MR04| (particularly Proposition 6.2.6 of 
loc. cit.) is not sufficient to obtain an improved lower bound on the 
size of this cokernel in terms the Tamagawa factors. This is what we 
do in this paper: 

Theorem A. Suppose vr" divides a Tamagawa number of the Galois 
representation T. Under suitable hypotheses on T the image of the 
Euler system to Kolyvagin system map (of Theorem \2.18\) is contained 
in m"KS(T), where KS(T) denotes the O -module of Kolyvagin systems 



See Theorem 13.21 below for details. 

In particular, the hypotheses of Theorem A hold when T = Tp{E), 
i.e. when T is the p-adic Tate module of an elliptic curve E/q with 
conductor N. Let k^^^° denote the Kolyvagin system obtained from 
Kato's Euler system, as in |MR04j §6.2. Let q be the Tamagawa 
number of E at i, and suppose p"|q. 

Theorem B. k"^^*" e p"KS(T). 

As a corollary, this shows that the bound obtained using K^ato ^g^g 
|MR04| Theorem 6.2.4, for example) can be improved as follows: 

Theorem C. Let TSe be the Tate-Shafarevich group of E, L]\f{E,s) 
the "non-primitive" Hasse-Weil L-function associated to E with Euler 
factors at the primes dividing N removed and Qe the fundamental real 
period of E. Then 



See also Theorem 13.61 below. 

As one may notice, the "improvement" we give above includes only 
one Tamagawa factor. A further improvement which shall include all 
Tamagawa factors unfortunately escapes our method. We discuss this 
matter further in § [H We also elaborate on the hypotheses of The- 
orem 13.21 to produce other interesting occurrences of the Tamagawa 
defect of Euler systems for representations other than the Tate module 
of an elliptic curve. 

Our results are somewhat related to that of [Jet], however they are 
more general in the sense that our Theorem 13.21 gives a conceptual 
explanation for the Tamagawa defect for many Galois representations; 
yet the setting for which Theorem 13.21 applies is disjoint from that of 
Jetchev's as far as the Kolyvagin system machinery is concerned. 



forT. 
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2. Technical Results 
2.1. Basic Definitions. 

2.1.1. Notation. Fix once and for all an odd rational prime p. Let R be 
a local principal ideal ideal ring with finite residue field of characteristic 
p, m be its maximal ideal and k = R/m be its residue field. We fix a 
generator vr of m. For the main applications of our technical results R 
will the ring of integers of a finite extension Qp, in that case we write 
F for its field of fractions. 

For any field K (local or global) K will be a fixed separable algebraic 
closure of K and Gk will denote Galois group Ga\{K/K). For every 
rational prime £ we fix an embedding Gq^ * Gq. This fixes a decom- 
position group of i, and we write for the inertia subgroup inside of 
this fixed decomposition group. 

Let T be an i?-module endowed with a continuous GQ-action, which 
is free of finite rank over R. We will assume that T is unramified 
outside finitely many primes. If R is the ring of integers of a finite 
extension Qp, we write V for T ®^ F and W for T (g)^ F/R = V/T. 
By H*{K,X) := H*{Gk,X) we mean the group cohomology of Gk 
computed with respect to continuous cochains with values in X for 
X = T,V,W or their subquotients. 

If a group H acts on a set A, then the subset of elements of A fixed 
(pointwise) by H is denoted by X^ . 

If M is an i?-module and / is an ideal of i?, then M[I] will denote 
the submodule of M killed by /. If M is a G^Q-module, Q(M) will be 
defined as the fixed field in Q of the kernel of the map Gq Aut(M). 

2.1.2. Local Cohomology Groups and Local Conditions. Much of the 
definitions and results we record in §2.1.21 can be found in Chapter 1 
of |MRn4j . 
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Throughout this section let K denote a non-archimedean local field 
and K a fixed separable algebraic closure of K. O will be the ring of 
integers in ¥ its residue field, and K"^^ C K the maximal unram- 
ified subfield of K. Let X be the inertia subgroup Ga\{K/K^^^), and 
Gf = Gal(/s:"°Vir). 

I2.1.2[ l. Galois Cohomology of Local Fields. There is an exact sequence 
of profinite groups 

{1} Gk ^ ^ {1} 

Further, since the cohomological dimension of Gp = Z is one it follows 
that H'^{Gy, T^) vanishes. Thus the Hochschild-Serre spectral sequence 
gives rise to the following exact sequence: 

— > H\Gw,T^) — > H\K,T) — > H\l,Tf^ — > 
I2.1.2[ 2. Local Conditions. 

Definition 2.1. A local condition J-' on T (at i if K = Qi) is a choice 
of an i?-submodule H^{K, T) of H\K, T). 

Suppose T is an i?-module with a continuous G^-action, and JF is a 
local condition on T. If T' is a submodule of T {resp. T" is a quotient 
module), then T induces local conditions (which we still denote by T) 
on T' {resp. on T"), by taking H^{K,T') {resp. H^{K,T")) to be the 
inverse image {resp. the image) of H^[K,T) under the natural maps 
induced by 

T' ^T, T T". 

Definition 2.2. Propagation of a local condition JF on T to a sub- 
module T' (and a quotient T" of T is the local condition on T' (and 
on T") obtained following the above procedure. 

For example, if I is an ideal of R, then a local condition on T induces 
local conditions on T/IT and T[I], by propagation. 

Let QvLot^iT) be the category /?[[Gx]]-niodules whose objects are 
quotients T/IT for all ideals / of R, and where the morphisms from 
T/IT to T/JT are all scalar multiplications r such that rl C J. 

Definition 2.3. A local condition is cartesian on Quot^(T) (or 
on a subcategory of Quot^(T)) if for any injective i?[[Gx]]-niodule 
homomorphism : Ti — T2 the local condition JF on Ti is the same as 
the local condition obtained by propagating JF from T2 to Ti. 
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I2.1.2[ 3. Examples of Local Conditions. We review several choices for 
local conditions which will appear quite frequently. 

Definition 2.4. Suppose L is an extension of K in K, and define 
Hl{K,T) := H\Gal{L/K),T^^) = 

kei {H\K,T) H\L,T)] C H\K,T) 

Thus every choice of an algebraic extension L/K gives a choice of 
a local condition. We note that H\{K,T) is functorial in T. The 
unramified condition frequently appears in this paper and is obtained 
by taking L = Namely 

Hl^{K,T) := Hl,^^.{K,T) = H\G^,T). 

When T is unramified (i.e. X acts trivially on T), we will also call this 
the finite condition and write H}{K,T) = H^^^{K,T). 

In general, if char(F) 7^ p and R is the ring of integers of a finite 
extension Qp, the finite condition at K is given by 

Hl{K,T) =keT{H\K,T) — > H\K''''\V)} . 

See |RubOO| §3.1 for a more detailed discussion on the finite and un- 
ramified local conditions. 

\2.1.2[ 4. Dual Local Conditions. 

Definition 2.5. Define the Cartier dual of T to be the i?[[G'i^]]-module 

T* := Hom(T, /ipoo) 
where fj,p^ stands for the p-power roots of unity inside Qp. 
There is the perfect local Tate pairing 

< , > : H\K,T) X H\K,T*) ^ H\K,fip^) ^ Q^/Zp 

Definition 2.6. The dual local condition JF* on T* of a local condition 
on T is defined so that H}r*{K, T*) is the orthogonal complement of 
H}r{K,T) under the local Tate pairing < , > . 

Proposition 2.7. (Proposition 1.3.2 in |MR04| ) Suppose that the residue 
characteristic of the local field K is different from p. Then H}{K^T) 
and Hl^^^^{K,T*) are orthogonal complements under the local Tate 
pairing < , > . 
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2.1.3. Selmer structures and Selmer groups. Definitions and results we 
record in this section can be found in Chapter 2 of |MR04| . 

For the rest of this paper, unless otherwise is stated, T will be a free 
i?-module endowed with a continuous action of Gq, which is unramified 
outside a finite set of rational primes. Below notation will also be in 
effect till the end. 

Let Q C C be the algebraic closure of Q in C, and for each rational 
prime I we fix an algebraic closure of containing Q. We will 
ignore the infinite place of Q systematically since we assumed p > 
2. Occasionally we will denote Gq^ = Gal(Q£/Q£) by Vi, whenever 
we would like to identify this group by a closed subgroup of Gq = 
Gal(Q/Q); namely with a particular decomposition group at i in Gq. 
We further define Xi C Vi to be the inertia group and Fr^ G T>i/Xi to 
be the arithmetic Frobenius element at £. 

Definition 2.8. A Selmer structure JF on T is a collection of the 
following data: 

• a finite set S(jF) of places of Q, including oo,p, and all primes 
where T is ramified. 

• for every i G S(JF) a local condition (in the sense of Defini- 
tion l2.1l) on T (which we view now as a /^[[P^jj-module), i.e., a 
choice of -R-submodule 

If £ ^ S(J^) we will also write H^{Qe,T) = Hl{Qe,T). 

Definition 2.9. If JF is a Selmer structure, we define the Selmer module 
H^{Q,T) to be the kernel of the sum of the restriction maps 

^'(Gal(Qs(^)/Q),T) H\Q,,T)/H'^{Q,,T) 
where QE{jt") is the maximal extension of Q which is unramified outside 

Example 2.10. Suppose R is the ring of integers of a finite extension 
Qp. The canonical Selmer structure J^ca.^ on T is given by 

• S(.Fcan) = : T is ramified at ^} U {p, cxd}, 

. if £ G S(.Fcan) and £ 7^ p, oo then i/>_(Q^ T) = if/(Q,, T), 

Note that we may safely ignore the infinite place since p > 2, therefore 
i/i(M,T) = 0. 
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If I is an ideal of R we define the canonical Selmer structure on T /IT 
(which we still denote by J^can) to be the Selmer structure obtained from 
Tcsn on T by propagation of local conditions. 

Definition 2.11. A Selmer triple is a triple {T,J^,V) where T is an 
i?[[GQ]]-module which is free of finite rank over R, unramified outside 
finitely many primes; is a Selmer structure on T and P is a set of 
rational primes, disjoint from S(jF). 



2.2. Hypotheses. In this section we record the hypotheses which were 
utilized by Mazur, Rubin and Howard to prove their main theorems on 
Kolyvagin systems in |MR04| . For a discussion of these hypotheses see 
§3.5 of |MRn4j . 

HI: T/mT is an absolutely irreducible k[GQ]-representation. 
H2: There is a r G Gq such that r = 1 on fipo^ and T/(r — 1)T 

is free of rank one over R. 
H3: H\Q{T,fipo.)/Q,T/mT) = H\Q{T, fipoo)/Q,T*[m]) = 0. 
H4: Either 

H4a Homk[[Gai(Q/Q)]](^>^'^*M) = 0' or 
H4b p > 4. 

H5: VtCV cVi for some t G Z+, where Vk is as in |MRn4j Def- 
inition 3.1.6. 

H6: For every i G S(JF), the local condition at £ is cartesian 
(in the sense of Definition 12.31) on the category Quot^(T) of 
quotients of T. 

Remark 2.12. 

(1) Suppose R is the ring of integers of a finite extension Qp. Then 
J^can satisfies H6 by |MRn4j Lemma 3.7.1. 

(2) Suppose that E/q is an elliptic curve defined over Q which does 
not have complex multiplication, and let T = Tp{E) be its p- 
adic Tate module (which is a representation of Gq which is free 



of rank 2 over R = Zp). It is verified in |Rub98| that Tp{E) sat- 
isfies the hypotheses H1-H4, and the choice the set of primes V 
which satisfies H5 has been explained (see also |Sch98| ). Thus 
the hypotheses above hold for the Selmer triple (T, jF^an, P). 



2.3. Theorems of Howard, Mazur and Rubin. Suppose (T,J^,V) 
is a Selmer triple (in the sense of Definition 12. lip . Let KS(T) = 
KS(T, JF, V) denote the i?-module of Kolyvagin systems for the Selmer 
triple {T,J^,V) defined as in |MRn4| Definition 3.1.3. We also let 
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KS(T, JF, V) be the generalized module of Kolyvagin systems, see |MR04 
Definition 3.1.6 for a definition. Under the hypotheses set in §2.21 above 
Howard, Mazur and Rubin show that the structure of the modules 
KS(T, JF, P) and KS(T, JF.P) is determined by an invariant x{T) = 
xiT, JF) which they call the core Selmer rank, see |MR04| Definitions 
4.1.11 and 5.2.4. In §2.31 we give a survey of their relevant results. 

2.3.1. Core Selmer rank and the module of Kolyvagin systems. Recall 
the definition of the canonical Selmer structure J-^can- Theorem below 
(which is |MR04| Theorem 5.2.15) enables us to calculate the core 
Selmer rank x(^)-^can) of the canonical Selmer structure T: 

Theorem 2.13. Suppose R is a discrete valuation ring. Let d~ = 

ra.nkii{T~) , where T~ is the —1-eigenspace for the action of some com- 
plex conjugation. Then 

x(T,^ca„) = d- + corank^(/7°(Qp,T*)). 

Example 2.14. Suppose E/q is an elliptic curve defined over Q and 
let T = Tp{E) be its p-adic Tate module. In this case x(T,J^can) = 
rankzpT" = 1. 

Fix a Selmer triple (T, JF, V) until the end of §2.31 for which H1-H6 
hold. 

Theorem 2.15. ( |MR04| Corollaries 4.5.1 and 4.5.2) Suppose R is a 
principal artinian ring of length k. 

(i) Ifx{T) = then KS(T) = 0. 

(ii) // x(T) > 2 then for every positive integer d, KS(T) contains 
a free R-module of rank d. 

(iii) Suppose x{T) = 1. Then, 

(1) KS(T) is a free R-module of rank one. 

(2) If j < k then the projection T — >■ T/m^T induces a surjec- 
tive map KS(T) ^ KS(T/m^T). 

Building on Theorem 12.151 the following result is proved in |MR04| 
Proposition 5.2.9 and Theorem 5.2.10: 

Theorem 2.16. Suppose R is a discrete valuation ring. 

(i) Ifx{T) = then KS(T) = 0. 

(ii) Suppose x{T) = 1. Then, 

(1) KS(r) ^limKS(T/m'=T,Pfc) ^KS(r), 

(2) KS(T) is a free R-module of rank one, generated by a k & 
KS(T) whose image in KS(T/mT) is nonzero. 
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Definition 2.17. k G KS(T) is called primitive if the image of k in 
KS(T/mT) is nonzero. 

2.3.2. Euler systems and the descent map. Suppose for this section that 
R is the ring of integers of a finite extension of Qp. Let (T, J-'ca.n, 'P) be 
a Selmer triple, and let /C be an abelian extension of Q which contains 
the maximal abelian p-extension of Q which is unramified outside p 
and V. Following |MRn4j Definition 3.2.2 we let ES(T) = ES(T, V, /C) 
denote the collection of Euler systems for (T, P, /C). 

Theorem 2.18. ([MEQI] Theorem 3.2.4) Suppose that T/(Fr^ - 1)T 

is a cyclic R-module for every i ^ V, and that Fr^ — 1 is injective 
on T for every i & V and every k > 0. Then there is a canonical 
homomorphism ES{T) —>■ KS(T, jF^j^^, "P) such that if c G ES(T) maps 
to K & KS{T, J^ca.nj'P) , then Hi = Cq. 

2.4. Comparison of Selmer structures and the Cartesian Con- 
dition. 

Lemma 2.19. Suppose for the local condition Hjr{Qe, T) C H^{Q£, T) 
the R-module {Qi, T) / H^{Qi, T) is torsion-free. Then for every n G 
Z+ the induced local condition on the quotients Quotj^^^n(T /m'^T) = 
{T/m-'T}"^^ of R/m"^ -module T/m"T is cartesian (in the sense of Defi- 
nitionlK%}. 

Proof This is |MR,n4j Lemma 3.7.1 (i). □ 

Proposition 2.20. Suppose H^{Qi,T) and H^{Qe,T) are two local 
on T at the prime i such that 

(i) H\Qe,T)/H^{Qe,T) is R-torsion-free, 

(ii) if}-(Q£,r/m"T)/i7^(Q^,T/m"T) is a free R/m^'-module (where 
ifjr(Q£, r/m"T) (respectively H^{Qi,T/m'^T)) is the local con- 
dition on T/m"T propagated from the local condition T (respec- 
tively Q) onT) in the sense of Definition \2.2i 

Then the local condition Q is cartesian on the quotients Quotj:j/nin(T/m"'T) = 
{T/m^T}]^^ (in the sense of DefinitionlM) of the R/m"" -module T/m"T. 

Proof. Let the i?-module Q be defined by the exactness of the following 
sequence: 

(2.1) H^iQe, T) if^(Q,, T) ^ Q ^ 0. 

The propagated local condition Hjr{Q£,T/m^T) is defined as the image 
of Hjr{Q£, T) under the canonical homomorphism 
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(which is induced from the long exact sequence for the GQ^-cohomology 
of the exact sequence 

— >T — > T/m^' — ^ 

where we recall that vr is a uniformizer of R). In other words 
(2.2) 

/f>(Q,,T/m^T) = im|iJ>(Q,,T) ^h^Q^^^T) ^ H\Q,,T/^^T)^ 

The kernel of the first map in (EJ) is ^rjr(Q^, T) n ■K^H^{<^i, T) which 
is equal to H^{Qi,T) since we assumed that H^{Q£,T)/Hjr{Q£,T) 
is -R-torsion-free. Thus 

iJ>(Q,,T/m^T) 



Similarly, 
(2.3) 



H'g{Qe,T/m^T) = im|/7^(Q,,T) Jh^^^^^^ H\Qe,T/m^T)^ 

and the kernel of the first map in (Q is Hl{Qe,T) n TT^H'^{Qe,T) 
which equals H^{Qi,T) n 7r^i/j.(Q^, T) because H\Qi,T)/ H}:{Qi,T) 
is i?-torsion-free. We thus have 

i/^(Q,,T/m^T) = 



im 



Using the description which we give above of the propagated local 
conditions H^QejT/m^T) and Hg{Q£,T/m^T) we obtain an exact se- 
quence 

(2.4) H'giQe, T/m'T) — . iJ>(Q,, T/m^T) Q/m'Q. 

We note that the exact sequence (12. 4p is essentially obtained by ten- 
soring the exact sequence (12. ip by R/m^ and completing the tensored 
sequence to an exact sequence on the left. 

To prove the statement of the Proposition we need to prove that 

,2.5) Hm.,T/.'T,^,.r{H^i^„T/.'T, ^ "hB^^^ 

for < 2 < j < n, where [vr-'^*] is the map induced on the cohomology 
groups from the map T/m*T - — > T/m^T. Now if c G H^{Qe,T/m^T) and 
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[tx^-^]c e Hl{Qe,T/m^T) C H^{Qi,T/m^T) it follows from LemmaEia 
that c G Hjr{Q£,T/m^T). Thus f l2.5p is equivalent to the statement 

(2.6) Him„T/.'T^^^e.[Hm.T/.-T) ^'^^ 

for < z < j < n. 

To see (I2.6P holds consider the following commutative diagram (where 
the rows come from the exact sequence (I2.4p ): 

HliQt. T/m'T) H'^iQ,, T/m'T) Q/m'Q 



H'giQe, T/m^T) i7^(Q,, T/m^T) Q/m^Q 

By our assumption that H^{Qe,T/m'^T)/Hl{Qi,T/m''T) ^ Q/m"Q 
is a free i?/m"-module it follows that the right vertical map in the 
diagram above is injective for < i < j < n. This shows that the map 

H'^iQe, T/m'T) j H'giQ,, T/m'T) H'^Q,, T/m^T) j H'g{Q,, T/m^T) 

is injective for < i < j < n, which proves (12.6^ and the Proposition. 

□ 

Corollary 2.21. Suppose T is a Selmer structure on T and hypotheses 
H1-H6 are satisfied for (T, JF, V) . Suppose further that the core Selmer 
rank x{T, J^) is one. Let Q be another Selmer structure on T, and 
suppose the local condition at i determined Q satisfies the assumptions 
of Theorem lEM and that H^{Qe, T) C i7}-(Q£, T). Then 

KS(r/m"T,6;,P„) = 0. 

Proof. It follows from Proposition 12.201 that the hypotheses H1-H6 are 
satisfied by ( T/m"T Further, s ince H^ {Qi,T) C H^{Qe,T), it 

follows from |Wil95j Proposition 1.6, |MR,n4j Definition 4.1.11 of the 
core Selmer rank and |MR04| Proposition 4.1.4 that 

< x{T/m^T,g) < x(T/m"T,.F) = 1, 

hence x(T/m"T, ^) = 0. Now Theorem 12.151 shows that 

KS(T/m"T,6;,P„) = 0, 

as desired. □ 
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3. Applications 

Until the end of this paper we assume that R is the ring of integers 
of a finite extension of Qp and let F be its field of fractions. Let J-'can 
be the canonical Selmer structure as in Definition I2.10[ Suppose ^u-f 
is the Selmer structure defined as follows: 

. if g e E(^„.,) and g 7^ £ then ,(Q,, T) = i/>-_(Q„ T), 

where H^^^{Qi,T) = keT{H\Qe,T) H\Q^''\T)} is the unramified 
cohomology. 

Remark 3.1. By |R,ubnn| Lemma 1.3.5 H^^_^{Qe,T) C i/jr^^jQ^, T) 
and 

where li C Gq^ is the inertia subgroup, V = T ®r F and W = V/T. 
Note that the i?-module H°{Qe, W^' j V^' /T^') is finite and its order is 
the p-part of the Tamagawa number at ^. 

Recall that there is a canonical map (which we call the Euler system 
to Kolyvagin system map) 

ES(r) ^KS(r,J-ean,P) 

from the module of Euler systems to the generalized module of Koly- 
vagin systems (see |MR04| Definition 3.1.6). 

Theorem 3.2. Let J-'can o,nd T^.i he as above. Suppose {T,V) satis- 
fies the hypotheses H1-H5, x(T,J-'ca.n) = 1 (ind n G Z>o is such that 
{H^^^^^{Qi,T) / H^^JQi,T)) ®i?/m" is a free R/m'' -module of positive 
rank. Then 

im(ES(T) ^ KS(T,^,an,P)) C m^KS{T,J^,,^,V). 

Proof. We begin with the remark that KS(T, jF^an, "P) is canonically 
isomorphic to KS(T, jF^an, P) when the core Selmer rank x(^!-^can) is 
one. We thus allow ourselves to view the map from the module of 
Euler systems to the generalized module of Kolyvagin systems as a 
map ES(T) — > KS(T, J^can, ^) (and this is how the statement of the 
Theorem makes sense). Under the assumptions above, KS(T, jF^an, ^) 
is an i?-module of rank one. Consider the map 

(3.1) ES(T) ^ KS(T,^,a„,^) ^ KS(T/m"T, J-,an,Pn). 
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Since KS(T, JF^^n, V) is free of rank one, the statement of the Theorem 
is equivalent to the statement that the map (13.ip is zero. As pointed 
out in |MR04| Remark A. 5, the proof of |MR04| Theorem 3.2.4 shows 
that the map (13.10 factors as follows: 



ES(T) KS(T,^,,„P) KS(TKT,^,,„,P, 




KS(T/m"T,^„.,,P, 



Thus it suffices to prove that KS{T /m'^T, J^^_i,Vn) = 0. This follows 
immediately from Corollary 12.211 applied with = J-'can and Q = T^.g. 
Note that our assumptions guarantee that Corollary 12.211 applies with 
the choices above. □ 

Let Qoo be the (cyclotomic) Zp-extension of Q, F = Gal(Qoo/Q) be 
its Galois group and A = Zp[[r]] be the cyclotomic Iwasawa algebra. 
Let KS(T ® A, ^can) be the module of A-adic Kolyvagin systems for T 
(defined as in |Biiy| §3.2). Under certain hypotheses (see |Buy| §2.2) it 
is proved that the A-module KS(T ® A,^can) is free of rank one and 
that the specialization map 

KS(T ® A, J-ean) ^ KS(T, J-ean, V) 

is surjective. We remark that the hypotheses H.T of |Btiy §2.2 holds 



if p does not divide any of the Tamagawa numbers at any prime i P- 
If, however, p does divide at least one Tamagawa number then the 
specialization map above is not surjective and it is predicted in |Biiy| 
Remark 3.25 that the cokernel of this map should be related to Tama- 
gawa numbers. As a justification of this remark one may prove: 

Theorem 3.3. Suppose all the assumptions of the Theorem \3.2\ hold 
for {T, J^ca.ni'P) and J^a-i- Let n G Z"*" he as in Theorem \3.2[ Then 

im(KS(T® A, J-,,„) ^ KS(T,^,,„,P)) Cp"KS(T, J-,,„,P). 

Proof. The proof of Theorem 13.21 applies in an identical way, by [Col98] 
Proposition II. 1.1 (used instead of the proof of Theorem 3.2.4 of [MR04j ). 

□ 

We now exhibit a particular application of Theorem 13.21 We apply 
it with Kato's Euler system for the Tate module of an elliptic curve. 
Let E/Q be an elliptic curve defined over Q and let T = Tp{E) be its 
p-adic Tate module. We will also assume that 

(3.2) p > 3, 
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(3.3) the p-adic representation Gq Aut(-E[p°°]) is surjective. 

Suppose the Tamagawa number q = \E{Qi)/ Eo{Qi)\ at £ 7^ p is 
divisible by p, and set n = ordp(Q). Since we assumed p > 3, this 
shows (see |Sil92| Corollary C. 15. 2.1) that E has split multiplicative 
reduction at i (thus E/q^ is a Tate curve Tate^ with Tate parameter 
q G £Zi) and that the component group of the special fiber of the Neron 
model S/speciZt) of E/q^ is a cyclic group isomorphic to Z/ciZ. Thus 
we have an exact sequence 

(3.4) EoiQi) E{Qe) Z/qZ — ^ 0. 

Further, one also has Z^ Eq{Qi) under Tate uniformization (see 
for example [Sil92j Theorem C.14.1). This shows that X[p°°] is finite 
and = X/p^X for X = Eo{Qe) 01 X = E{Qe); and for k e Z+ . 

Here stands for the p-power torsion inside the group X. 

One can check that if/ (Q^, V) = 0, hence the restriction map 

is injective, thus 

HkJQi.T) = Hl{Qe,T) ■.= ker{H\Q,,T) ^ H\Qr\V)} 

= keT{H\Qe,T) ^ H\Qe,V)}, 

which equals the image ofE{Qe)[p'^] (by, for example, |Tat76| rroposi- 
tion 2.4) inside H\Qi,T). See also |R,ubnn| §1.6.4. Similarly, one may 
show that H^^^{Qe,T) is the image of Eo{Qe)[p'^] inside H\Qe,T). 
The diagram below summarizes our discussion in this paragraph: 

Hi (Q,, T) — im{E{Qe) [p°°] ^ (Q,, T) } 



HlMe,T) — iin{Eom[Pn' H\Q,,T)} 

This, together with (13. 4p . Example 12.141 and Corollary 13.21 (with n 

ordp(c£)) shows 

Corollary 3.4. Let T = Tp{E),E,Ci,n be as above. Then 



im(ES(T) ^KS(T,^ca„,P)) Cp"KS(T,^ean,P). 

Let N be the conductor of E. Kato |Kat04| has constructed an Euler 
system which gives rise to a Kolyvagin system g KS(T, jF^an, "P) 
for a suitably chosen set of primes V, see |Rub98| §3.5 and |MR04| §6.2 
for more details. Corollary [Sj shows that k^^^° G p"KS(T, JP'ean, P). 
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Further we know (Theorem I2.16p that KS(T, jF^^n, is a free Zp- 
module of rank one, and is generated by a primitive Kolyvagin system. 
We fix such a generator so that = . for some a > n. 

The following Theorem is the main application of Let L{E, s) 

denote the Hasse-Weil L-function attached to E, and Ln{E, s) the non- 
primitive L-function which is obtained by removing the Euler factors 
at primes dividing the conductor of E. Let fi^; be the fundamental 
period of E, and TS^ be the Tate-Shafarevich group of E. 

Theorem 3.5. (Kato |Kat04] ) Assume ( TOj and ( fOi holds. Suppose 
further that 

• E has good reduction at p, 
•p\E{¥p), 

• p does not divide the integer rE of |Rub98| Theorem 7.1, 

• L{E,l)y^O. 

Then 

length(TS£;[p°°]) < ovdp{Lr,{E,l)/nE). 

To prove this Theorem one utilizes Kolyvagin system machinery with 
^Kato bound the classical Selmer group (see for example [Rub98] 
Theorem 3.2) and then use Kato's calculations (see the proof of (Rub9 8j 
Theorem 8.6) with K,f^^° (which appears as cq in |Rub98j ). One could 
use instead of = . to bound the classical Selmer group 
(which, in a sense, is a "better" Kolyvagin system), and use Kato's 
calculations for Kf^*° together with the simple relation Kf = p°' ■ k,^ 
to prove the folowing stronger version of Theorem 13.51 

Corollary 3.6. Assume the hypotheses of Theorem \3.5\ holds. Then 
le.g.MTS.ri)So.d,(MM),„a,(MM)), 

4. Concluding Remarks 

4.1. More on Kato's Euler system. Explicit calculations carried 
out by Kato |Kat04| to determine a bound on the size of the Selmer 
group are limited to the case L{E, 1) 7^ 0. In this case the clas- 
sical Selmer group Se attached to E is finite and one only has to 
deal with the very first term Kf^^° of the Kolyvagin system K^ato ^ 
KS(T, jFgan, P). In fact, in Corollary 13.61 above we only use Corol- 
lary [33] to conclude that = p"" ■ nf , where a and are as above. 
This is sufficient in the setting of Theorem 13.51 
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However one should note that Corollary 13.41 says much more than 
the comparison above for the initial terms of these Kolyvagin systems, 
it in fact says that 

(4.1) fi;Kat° = . /tf 

for every r G Af{V) , where Af(V) is the set of integers which are square 
free products of primes in V. If (hence also ) IS non-zero 

(which essentially put us in the setting of Theorem 13. 5p then (14.11) 
easily follows from the equality Kf^*° = ■ /tf and Theorem 12.151 Of 
course this is not always the case and (14.11) is a much stronger statement 
in general. Unfortunately, when the Hasse-Weil L-function vanishes at 
s = 1 (this should amount to saying Kf^*° = 0, cf. |MR04| Corollary 
5.2.13) there is no computation yet available with Kato's Kolyvagin 
system to exemplify the content of Corollary 13.41 further, in terms of 
bounding the Selmer group (such as Corollary 13.61 which applies when 
L{E,1)^0). 

4.2. Tamagawa numbers and level lowering. We keep assuming 
T = Tp{E), the p-adic Tate module of an elliptic curve E/q, and hy- 
potheses (13.21) and (13. 3p . Corollary 13.41 says that 

This statement is reflected in Corollary [32] as an improvement to Kato's 
Theorem 13. 5[ However, this method captures only one Tamagawa fac- 
tor. What if there are more then one Tamagawa numbers which are 
divisible by p? A natural question to ask is: 

Question l.Is it true that k^""^" G UeiN^e ' KS(T, J^can, ^)? 

This question turns out to be more delicate when there is more than 
one Tamagawa number which is divisible by p. We flrst consider a 
preliminary version of Question 1. Let d be the number of primes i for 
which p\ce. 

Question 2. Is it true that k^^*° G /KS(T, J^^an, ^)? 

To address this question we consider the newform /e of level as- 
sociated with E. Since we assumed p > 3, p\ci implies that E has split 
multiplicative reduction at i. Thus if then £\\N. The assumption 
that p\ce in fact translates into the statement that the Galois represen- 
tation E\p] = T/pT is finite at i. Thus, we may apply level lowering 
theorem of Ribet |Rib90| to arrive at a modular form g of level N/i 
and a Galois representation Tg attached to g such that Tg/pTg = T/pT. 
Note that £ is no longer a bad prime for g. The author is quite curious 
to see whether the Euler system for the modular form g could play a 
role in this context to answer Question 2. 
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More generally, Dummigan |Dum| has studied the Tamagawa factors 



of modular forms and level lowering for their mod p" representations for 
n > 1. Similarly, one might try to approach more general Question 1 
via Dummigan 's more general level lowering results. 

4.3. Tamagawa numbers for higher dimensional Abelian va- 
rieties. The discussion above with Kato's Euler system (for elliptic 
curves) suggests that if one would like to apply Theorem 13.21 with an 
abelian variety A of higher dimension, one should understand the struc- 
ture of the p-part $p of the component group of A/Qell for each i p. 
For example, when A = E is one dimensional Kodaira-Neron Theorem 
( |Sil92| Corollary C. 15. 2.1) shows that $p is always cyclic if p > 2, and 
this is exactly what we use to prove Corollary 13. 4[ 

Let A/Q^ be an abelian variety (with i ^ p). Let A be its Neron 
model over Z^. Suppose t (resp. u) denote the dimension of the toric 
(resp. unipotent) part of the special fiber Ag. Let $[p] denote the 
p-torsion of $. Since $ is a finite group, we have = ^p/p^p. 
Theorem below can be found in |Abbnnj : 

Theorem 4.1. ( [AbbnOj Proposition 5.13 (i)) If p > 3, 

dimFp$[p] <t + u< dimA. 

Suppose now that A/q = Af is an abelian variety of attached to a 
newform / of level N. Then Ay is an abelian variety of GL2-type: Let 
TZ denote the ring generated by the Fourier coefficients of / and set 
K = Q^TZf, then 7^ C EndQ(A) and [K : Q] = dimA. We assume 
the following additional hypotheses on p: 

(4.2) 7^ (g) Fp is a field, i.e. p is inert in TZ. 

7^ eg) Fp acts on $[p], thus Theorem 14.11 and assumption (14. 2p shows 
that 

Corollary 4.2. is a cyclic IZ/pTZ-module. 

Let TZp denote the completion of the ring R at p. The action of IZ 
on $p naturally extends to an action of IZp on $p. Corollary 14.21 and 
Nakayama's lemma implies the following 

Corollary 4.3. Under the hypotheses above $p is a cyclic Tip-module. 

Let O denote the maximal order of the number field K. One eas- 
ily deduces from the assumption (14.21) that the ring homomorphism 
IZ/plZ O jpO is an isomorphism, hence p is inert in the extension 
O jTL as well. Further, the inclusion TZ'-^ O induces a natural isomor- 
phism IZp — > Op. Thus we proved 
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Proposition 4.4. // we assume Iji-S^ then $p is a cyclic Op-module. 

Note that this is the analogous statement for abehan varieties ^/ to 
that for eUiptic curves (i.e. to the case i^' = Q), which, in that case, is 
imphed by the Kodaira-Neron Theorem. 

Consider the p-adic Tate module Tp(A/), and set 

We keep assuming (14.21) . It is known that Vp{Af) is a i^p- vector space 
of dimension 2; choose a (jQ-invariant lattice T inside Vp{Af) so that T 
is a free Cp-module of rank 2. Kato |Kat04| has constructed an Euler 



system for this 0[[Gq]] representation. One could use Theorem 13.21 
(which applies thanks to Proposition l4.4l with R = Op) to obtain similar 
results to Corollary 13.41 in this setting. 
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